By the use of weight coefficients and technique of real analysis, a discrete Hilbert-type inequality in the whole plane with multi-parameters and a best possible constant factor is given. The equivalent forms, the operator expressions, and a few particular inequalities are considered.
Introduction
Suppose that p > , In this paper, by the use of weight coefficients and the technique of real analysis, an extension of () in the whole plane is given as follows:
Moreover, a generation of () with multi-parameters and a best possible constant factor is proved. The equivalent forms, the operator expressions and a few particular inequalities are also considered.
Some lemmas
In the following, we agree that
Definition  Define the following weight coefficients:
where
, we have
from which we have
We obtain
For fixed |m| ∈ N, λ  ≤  -η, we find that
is decreasing for y >  and strictly decreasing for y ≥ |m|+m cos α -cos β . Under the same assumptions, it is evident that
is decreasing for y >  and strictly decreasing for y ≥ |m|+m cos α +cos β . By () and (), we have
in the above first (second) integral, by simplifications, we find
Still by () and (), we have
We obtain for |m| + m cos α ≥  + cos β
Then we have () and ().
In the same way, we have the following.
Proof We have
By (), we find
Hence we have ().
Main results

Theorem 
then we have the following equivalent inequalities:
In particular, for α = β = π  , we have the following equivalent inequalities:
Proof By Hölder's inequality (cf.
[]) and (), we have
By (), we have
By (), we have ().
By Hölder's inequality (cf.
[]), we have
Then by (), we have ().
On the other hand, assuming that () is valid, we set
Then it follows that
By (), we find J < ∞. If J = , then () is evidently valid; if J > , then by (), we have
namely, () follows, which is equivalent to ().
Theorem  As regards the assumptions of Theorem , the constant factor k α,β (λ  ) in () and () is the best possible.
, and
Then by () and (), we find
If there exists a constant k ≤ k α,β (λ  ), such that () is valid when replacing k α,β (λ  ) by k, then in particular, we have ε I < εk I  , namely,
It follows that
Hence, k = k α,β (λ  ) is the best possible constant factor of (). The constant factor k α,β (λ  ) in () is still the best possible. Otherwise, we would reach a contradiction by () that the constant factor in () is not the best possible.
Operator expressions
We set functions (m) and (n) as follows:
We also set the following weight normed spaces: The above particular inequalities are all with the best possible constant factors.
